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ABSTRACT 
Many mathematical and intuitive methods for 
constraint analysis of mechanisms have been 
proposed. In this article we compare three 
methods. Method one is based on Grüblers 
equation. Method two uses an intuitive analysis 
method based on opening kinematic loops and 
evaluating the constraints at the intersection. 
Method three uses a flexible multibody modeling 
approach which facilitates the analysis of 
complex systems. We demonstrate a 
visualization method using generalized von 
Mises stress to show overconstraint modes. A 
four bar mechanism and a two-degree-of-
freedom (DOF) flexure-based mechanism serve 
as a case study. Briefly the optimization of the 
location and orientation of releases is discussed. 
The implementation of the releases in the 
flexure-based two DOF mechanism is 
presented.  
 
INTRODUCTION 
A system is exactly constrained [1] if the system 
is kinematically and statically determinate so it 
has exactly the minimum constraints to 
kinematically constrain the system. Exact 
constraint design, as opposed to elastic 
averaging, does not require tight tolerances on 
flatness, parallelism and squareness, and it 
allows for temperature fluctuations without 
excessive stress in the structure. Elastic 
averaging (overconstraining) tends to be most 
successful when machine stiffness is of utmost 
importance. Overconstrained flexure mecha-
nisms assembled out of several parts are prone 
to misalignment, which can provoke bifurcation. 
Meijaard et al. [4] have shown that a 
misalignment angle of several tenths of 
milliradians can be sufficient to provoke 
bifurcation in an overconstrained parallel leaf-
spring flexure. The bifurcation results in a 
stiffness reduction of roughly one order in the 
intended stiff support directions. It can be 
concluded that exact constraint design promotes 
deterministic behavior. 
 
Three methods for analyzing the DOFs and 
constraints of a system are presented and are 
demonstrated with the simple example of a four 
bar-mechanism having one constraint loop. Next 
a more complicated mechanism like the two-
DOF manipulator is presented. It can be 
considered as several constraint loops. The two-
DOF mechanism is designed for xy-motion in 
vacuum with a relatively large stroke and base 
mounted actuators. 
 
CONSTRAINT ANALYSIS USING GRÜBLER 
In a 2-D analysis using  Grübler’s [2] equation a 
four bar mechanism consists of four rigid beams 
having twelve DOFs in total and four hinges 
each constraining two DOFs (Table 1). Three  
DOFs are omitted as they are the three rigid 
body modes of the four bar mechanism. So in 
total there is one DOF more than there are 
constraints. The four bar linkage has one 
internal mode, the free motion, therefore there 
are no overconstraints. 
 
Table 1. Constraint analysis of a four-bar 
mechanism using Grüblers formula. 
 2-D 3-D  
4 rigid beams 12 24 DOFs 
4 hinges 8 20 Constr. 
Rigid mechanism modes 3 6 Constr. 
DOFs - constraints 1 -2 DOFs 
Underconstraints 
(motions)  
1 1 DOFs 
Overconstraints 0 3 Constr. 
 
The mechanism can also be analyzed including 
the 3rd dimension using Grübler formula’s. There 
are four bars with a total of 24 DOFs, 20 
constraints of the 4 hinges, and 6 rigid body 
modes. In total there are 2 more constraints than 
DOFs. The 4 bar linkage has one internal mode, 
the free body motion shown by the 2-D Grübler 
analysis. Therefore there have to be three 
overconstraints. The overconstraints do not 
appear in the 2-D analysis, but do show up in 
the 3-D analysis, therefore the constraints have 
to do with the out-of-plane directions. Three 
releases are required to obtain an exact 
constraint mechanism. It can also be concluded 
that the Grübler equation can be applied 
correctly only if either the number of 
underconstraints or the number of 
overconstraints are known.   
 
CONSTRAINT ANALYSIS BY OPENING A 
KINEMATIC LOOP 
The overconstraints can also be analyzed by 
opening the four bar loop and examining the 
constraints as shown in Fig.1.   
 
 
 
 
 
 
 
Figure 1. The loop of a four bar linkage is 
opened. The DOFs (solid vectors) and 
constraints (dashed vectors) are shown for 
points A and B. 
 
The in-plane vectors xA, yA, A, xB, yB and B 
show two constraints where three are required to 
be exactly constrained. The linkage has one in-
plane DOF. This motion is generally controlled 
by an actuator system of some kind. In the out-
of-plane direction zA constrains the same 
direction as zB. The same holds for A and B, 
and A and B. Three releases should be 
implemented which lead to the release of zA or 
zB, A or B, and A or B to obtain an exactly 
constrained design. 
 
CONSTRAINT ANALYISIS BY SVD  
Using a flexible multibody modeling approach 
the connection of bodies is described by nodal 
coordinates; fixed, dependent (calculable) or 
independent (specified as input variable). In 
lumped flexure mechanisms each body has a 
specific number of deformation modes; 
prescribed (rigid bodies), independent (as input 
actuators) or dependent (compliances). In 
accordance with Grübler [2], the mobility of a 
mechanism is equal to the number of calculable 
nodal coordinates minus the number of fixed and 
independent deformation modes. For a zero 
mobility the Jacobian matrix, mapping the 
displacement of the dependent nodal 
coordinates to the prescribed and the 
independent deformation modes, must be 
square. Therefore the Jacobian matrix must also 
be nonsingular, or equivalently the matrix should 
have full rank. Only then the mechanism is 
statically and kinematically determinate. 
Equivalently the Grübler analysis reveals the 
difference between DOFs and constraints. The 
Grübler analysis only gives a correct number of 
DOFs if the number of overconstraints is known. 
The matrix rank can be determined from the 
singular value decomposition. If the Jacobian 
matrix is row rank-deficient the mechanism is 
statically indeterminate (overconstrained). The 
left singular matrix shows a null space which 
represents an internal stress distribution without 
external nodal forces being applied [3]. A 
kinematically indeterminate motion can be 
derived from the right singular matrix, if the 
Jacobian matrix is column rank-deficient. 
The generalized stress resultants of each 
element can be converted into an equivalent von 
Mises stress distribution. The values of the 
stresses have no physical meaning as they can 
be scaled. Nevertheless, the distribution shows 
the locations where stress can be expected due 
to an overconstraint. Figure 2 shows one of the 
three overconstraints in loop h1-h4-h5-h2,with 
bending in beams b1 and b2 and torsion in beam 
b7. Hinges h1 and h2 are fixed to the 
surroundings.   
 
 
Figure. 2. One of the three overconstrained 
modes of the four-bar mechanism, loop h1-h4-h5-
h2. 
 
So the SVD analysis not only shows that there 
are three overconstrained modes in the 
mechanism, it also shows the accompanying 
stress distribution resulting from misalignment. 
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RELEASES OF A FOUR-BAR MECHANISM  
There are many configurations possible to 
release the three overconstraints. One exact 
constraint configuration is shown in Figure 3 with 
torsion and twice bending released in beam 7.  
 
 
Figure 3. An exact constraint configuration using 
three hinges in beam 7. 
 
There are three beams with each three locations 
(bending at both beam ends and torsion) to 
release the three overconstraints. The number of 
combinations is equal to the binomial coefficient: 
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with n = 9 the number of locations and k = 3 the 
number of releases. By using the SVD analysis it 
can be proven that of the 84 combinations 44 
are exact constraint.  
 
OPTIMIZING THE LOCATION OF RELEASES 
Releasing constraints in the case of flexure 
mechanisms is often done by implementing 
extra flexures (for small deformations). The 
location and direction of implementing releases 
in a mechanism for obtaining an exact constraint 
design can be optimized for minimization of 
internal stress and maximization of stiffness (or 
eigenfrequencies).  
A lumped element model has been setup with 
seven low stiffness hinges, representing the four 
planar hinges and the three releases. Six stiff 
hinges are implemented at the remaining 
possible locations for implementing releases. 
Each of the 84 combinations has been modeled 
to calculate the stiffness of beam 7 in z-, - and 
-direction. Misalignment of one of the base 
connections in z-, - and -direction will lead to 
moments in the hinges causing stress in the 
beams. The sensitivity of the stress with respect 
to the misalignment depends on the 
configuration of the releases. It turns out that 
only the exact constraint configurations show a 
combination high stiffness and low stress. This is 
an expected result. Exact constraint designs are 
tolerant for misalignments. The exact constraint 
configurations showing the highest stiffness 
allow bending near or in b7, not near the base. 
Several overconstrained configurations show a 
27% higher minimum stiffness than the best 
exact constraint configurations at the cost of 
several orders higher internal stress. 
The direction of releases should be chosen 
carefully as singular values are dependent on 
the position of the mechanism. Therefore the  
mechanism should be analyzed in a variety of 
positions.  
 
CONSTRAINTS OF THE 2-DOF MECHANISM 
The two-DOF xy-mechanism (Figure 4) is 
designed for base mounting actuators and the 
use of flexure hinges. The two-DOFs 
mechanism can be analyzed using Grübler in 2-
D and 3-D (Table 2). It should be noted that 
hinge h4 and h5 connect three beams. Therefore 
they behave like two hinges releasing one DOF 
for each of the two connected beams. In the 
case of the 3-D analysis there are seven more 
constraints than DOFs. Knowing that the 
mechanism should have two DOFs, the number 
of overconstraints is nine. 
 
Table 2. Constraint analysis of the two-DOFs 
mechanism using Grüblers formula. 
 2-D 3-D  
9 rigid beams 27 54 DOFs 
7 hinges (rel. 1 DOF) 14 35 Constr. 
2 hinges (3 conn.beams) 8 20 Constr. 
Rigid mechanism modes 3 6 Constr. 
DOFs - constraints 2 -7 DOFs 
Underconstr. (motions)  2 2 DOFs 
Overconstraints 0 9 Constr. 
 
These nine overconstraints are all in the out-of-
plane direction. The two DOF mechanism can 
be interpreted as having three kinematic loops 
with each loop having three overconstraints like 
the four bar mechanism. The mechanism can be 
analyzed by the SVD method. Figure 5 shows 
an overconstrained mode where six releases 
have been implemented. Clearly the stress is 
located in the branch not having releases. Step 
by step all constraint modes can be resolved by 
implementing releases. 
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Figure 4.  Two DOF mechanism with 2 motions.  
 
 
 
 
 
 
Figure 5. An overconstrained mode of the total 
mechanism. 
 
OPTIMIZING THE LOCATION OF RELEASES 
For the application of this mechanism the first 
natural frequency with blocked actuators should 
be as high as possible. Therefore some 9216 
exact constraint configurations have been 
analyzed using the multibody model with SVD 
analysis and have been ranked on their first 
natural frequency using a modal analysis. It can 
be concluded that the best configurations show 
release of the out-of-plane bending related 
constraints nearest to the end-effector, the notch 
pivot flexures in Figure 6. Release of the 
overconstraint torsion is less critical and is 
released in the beams nearest to the platform. 
Overconstraints in loop h1-h4-h5-h2 should be 
released in link b7.  
 
 
  
Figure 6. Two-DOF stage. All hinge-joints are 
made by cross flexure hinges. Hinges h10 and 
h11 and the top frame plate are not implemented.  
 
CONCLUSION 
Only exact constraint designs show a 
combination of high stiffness and low internal 
stress arising from a possible misalignment. The 
SVD analysis can be conveniently used to 
choose the best location and direction for 
implementing release flexures. With the aim of 
maximizing the stress reduction, release flexures 
should be implemented in the part of the 
overconstrained loop where the internal moment 
is the highest. At the same time the stiffness at 
the end-effector can be kept high. The design 
approach using SVD analysis leads to 
predictable, high stiffness and low internal stress 
designs.  
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